The complex eigenvalues of some non-Hermitian Hamiltonians, e.g. parity-time symmetric Hamiltonians, come in complex-conjugate pairs. We show that for non-Hermitian scattering Hamiltonians (of a structureless particle in one dimension) possesing one of four certain symmetries, the poles of the S-matrix eigenvalues in the complex momentum plane are symmetric about the imaginary axis, i.e. they are complex-conjugate pairs in complex-energy plane. This applies even to states which are not bounded eigenstates of the system, i.e. antibound or virtual states, resonances, and antiresonances. The four Hamiltonian symmetries are formulated as the commutation of the Hamiltonian with specific antilinear operators. Example potentials with such symmetries are constructed and their pole structures and scattering properties are calculated.
I. INTRODUCTION
Non-Hermitian (NH) Hamiltonians may represent effective interactions for components of a system. Feshbach's partitioning technique [1, 2] provides the formal framework to find NH-Hamiltonians for a subspace, from the Hermitian Hamiltonian for the total system. NHHamiltonians are also set phenomenologically to mimic some observed or desired behaviour, such as gain, decay or absorption in nuclear or atomic, molecular, and optical physics [3] [4] [5] . They arise as well as auxiliary tools to facilitate calculations of cross sections or resonances, e.g. by complex scaling of the coordinates [6, 7] , and also to model some open systems [8] and lattices [9] .
Much work on NH-physics has focused on PTsymmetric Hamiltonians, as they may have a purely real spectrum [10] . More recently, other NH and non-PT Hamiltonians, have been shown to hold real eigenvalues [11] [12] [13] . Work on scattering by PT-symmetric potentials was at first rather scarce [3, [14] [15] [16] . However, scattering has been later investigated intensely in connection with spectral singularities and reflection asymmetries for left or right incidence (i.e. unidirectional invisibility) [17] [18] [19] , in most cases restricting the analysis to local potentials. It has been recently shown that different devices with asymmetrical scattering responses (i.e., with different transmission and/or reflection for right and left incidence in a 1D setting) are possible if one makes use of non-local potentials [20] . Ref. [20] provides the selection rules for the transmission and reflection coefficient asymmetries based on eight basic Hamiltonian symmetries. Four of these symmetries are of the standard form,
and the other four are of the A-pseudo-hermitian form
where A is a unitary or anti-unitary operator in Klein's 4-group K 4 = {1, Π, Θ, ΘΠ} formed by the identity (1), parity (Π), time-reversal (Θ) and their product (ΘΠ), also termed P T .
Here we aim at extending further our understanding of scattering of a structureless particle by NH-potentials in 1D by considering general potentials that are not necessarily diagonal in coordinate representation (i.e., nonlocal potentials). These typically arise when applying Feshbach's partitioning technique. The results of [20] are expanded in several directions: i) We provide an alternative characterization of the above-mentioned eight symmetries in terms of the invariance of H with respect to the action of superoperators. We also show that the four symmetries associated with A-pseudohermiticity relations (2) can be formulated as well as the commutativity of H with certain operators (linear if A is antilinear, and antilinear if A is linear). This formulation extends earlier results for Hamiltonians with a discrete spectrum [21, 22] .
ii) Moreover, four of these symmetries imply the same type of pole structure of S-matrix eigenvalues in the complex momentum plane that was found for PT symmetry [3] , namely, zero-pole correspondence at complexconjugate points, and poles on the imaginary axis or forming symmetrical pairs with respect to the imaginary axis. For Hermitian Hamiltonians with scattering (and possibly bound) eigenstates, their S-matrix poles are symmetric in the complex momentum plane with respect to the imaginary axis (see Fig. 1 ). In the upper half-plane, which corresponds to the first energy Riemann sheet, the poles are on the imaginary axis and represent bound states in the point spectrum of the Hamiltonian. In the lower half-plane they come in symmetrical resonance and antiresonance pairs, and may also lie on the imaginary axis as "virtual states". A further symmetry is the occurrence of a zero at the complex-conjugate momentum of a given pole. These properties are well known for partial wave scattering by spherical potentials but also hold for the S-matrix eigenvalues in one dimensional scattering [3] .
For NH-Hamiltonians the above pole-and pole/zerosymmetries do not hold in general. The point spectrum of H may include, apart from "ordinary bound states" on the imaginary axis, also eigenvalues (S-matrix poles) in the first and second quadrant. However the symmetries of zeros and poles, which are characteristic of Hermitian potentials are partly or even completely recovered in some special cases. In particular, parity-time (PT) symmetric scattering potentials were shown to keep the zero-pole symmetry [3] . PT-symmetry also implies that the poles (in the upper or lower half-planes) occur as symmetrical pairs with respect to the imaginary axis (corresponding to conjugate complex energies) or lie on the imaginary axis (with corresponding real energy) [3] .
The configuration with poles located on the imaginary axis or as symmetrical pairs has some important consequences. In particular, it provides stability of the real energy eigenvalues with respect to parameter variations of the potential. While a simple pole on the imaginary axis can move along that axis when a parameter is changed, it cannot move off this axis (since this would violate the pole-pair symmetry) or bifurcate. The formation of pole pairs occurs near special parameter values for which two poles on the imaginary axis collide.
FIG. 1:
Example of configuration of poles (filled circles) and zeros (empty circles) of the S-matrix eigenvalues in the complex momentum plane for hermitian Hamiltonians. Poles in the upper half plane (Im(p) > 0) correspond to bound eigenstates of the Hamiltonian, i.e. localized states with negative energy. Poles in the lower half plane correspond to virtual states (Re(p) = 0), resonances (Re(p) > 0) and antiresonances (Re(p) < 0). The singularities with negative imaginary part correspond to states that do not belong to the Hilbert space since they are not normalizable. However, they can produce observable effects in the scattering amplitudes, in particular when they approach the real axis. The pole structure of symmetries IV, V, and VII, see Table I , is similar, but pole pairs are also possible in the upper half-plane.
The remainder of the article is organized as follows. In section II we review the scattering properties of eight different Hamiltonian symmetries. These symmetries may be characterised as commutativity or pseudohermiticity with respect to four unitary or antiunitary operators forming a Klein 4-group, or as invariance with respect to the action of eight linear or antilinear superoperators. In section III we discuss the physical consequences of the symmetries in the pole structure of the scattering matrix eigenvalues and hence in the transmission/reflection amplitudes. Four symmetries are shown to lead to complex poles corresponding to real energies or conjugate (energy) pairs. In section IV we exemplify the above with separable potentials exhibiting parity-pseudohermiticity and time-reversal symmetry. These are the two nontrivial symmetries of the four (in the sense that the other two, hermiticity and PT-symmetry, are already well discussed). In section V we discuss and summarize our results.
II. HAMILTONIAN SYMMETRIES
Let us first clarify the terminology. Scattering Hamiltonians are here of the form H = H 0 + V , where H 0 is the kinetic energy operator and V is the potential, which decays fast enough to zero in coordinate representation so that the usual operators of scattering theory are well defined and the Hilbert space is (biorthogonally) decomposed into a continuum part with real eigenvalues and a discrete part. See Appendix A for a review of the formalism and notation we use.
V is in general non-local, i.e., it does not have the local form x|V |x
Apart from their generic appearance in Feschbach's partitioning technique, see e.g. [23] , non-local potentials are quite common in models that discretize the coordinates at specific sites, as in tight-binding models, although here we only consider continuous-coordinate models.
We will now discuss the eight symmetries identified in [20] , which are associated with the two generalized symmetry relations corresponding to commutation with A and A-pseudohermiticity [21] , see Eqs. (1, 2) . We use Roman numeral to label these symmetries as shown in Table I . Note that a local potential would automatically fulfill symmetry VI but this symmetry does not necessarily imply locality. For local potentials four of the eight symmetries coincide with the other four [20] . Here we consider general nonlocal potentials where all the eight symmetries are distinct.
The generalization of the symmetry concept to the pair (1) and (2) is in fact quite natural if we take into account that a NH-H has generically different left and right eigenvectors. Given a right eigenstate |ψ of H with eigenvalue E, Eq. (1) implies that A|ψ is also a right eigenvector with eigenvalue E or E * , whereas Eq. (2) implies that ψ|A is a left eigenvector of H with eigenvalues E * or E, for A unitary or antiunitary respectively.
The symmetries which imply the presence of real or complex-conjugate pairs of energy eigenvalues for bound eigenstates are II, IV,V and VII. The emergence of these complex-conjugate pairs has been previously discussed in [21, 24] for a general class of diagonalizable Hamiltonians that posses a discrete spectrum. They can be heuristically understood for the symmetries we consider as follows: Symmetry V implies that the Hamiltonian must be real in coordinate space, which would lead to a real characteristic polynomial with real or complexconjugate roots. Symmetry VII is PT symmetry which is well discussed in the literature as having real or complexconjugate pairs of eigenvalues [10] . Note also that the matrix elements of PT-symmetric Hamiltonians are real
Symmetries of the potential based on the commutativity or pseudo-hermiticity of H with the elements of K4 (second column). Columns 3, 5, and 7 to 11 are to be read as follows: For each symmetry the object in the column is equal to the one in the top row of the column. The relations among potential matrix elements are given in coordinate and momentum representations in the third and fifth columns. In columns 4 and 6, each symmetry is regarded as the invariance of the potential with respect to the transformations represented by superoperators L (see Sec. II A) in coordinate or momentum representation. The fifth column gives the relations they imply in the matrix elements of S and S matrices. The final four columns set the relations for the scattering amplitudes.
in the momentum representation. More generally, in [22] , it was shown, for diagonalizable Hamiltonians having a discrete spectrum, that A-pseudo-Hermiticity for a Hermitian invertible linear operator A is equivalent to the presence of an ordinary symmetry of the form: BH = HB for some antilinear operator B with B 2 = 1. Because B is an antilinear operator, the eigenvectors |E n of H satisfy
Therefore complex eigenvalues E n come in complexconjugate pairs. In particular, when |E n is an eigenvector of B, i.e., B|E n = e ibn |E n for some real number b n , we have E n ∈ R. The proof of the equivalence of A-pseudo-Hermiticity for linear A and the presence of ordinary antilinear symmetries given in [22] relies on the observation that every diagonalizable Hamiltonian with a discrete spectrum is τ -pseudo-Hermitian for some invertible Hermitian antilinear operator τ , i.e., τ H = H † τ . This relation together with Eq. (2) implies BH = HB, if we set B = A −1 τ . The same construction applies for the cases where A is a Hermitian antilinear operator, in which case B is a linear operator. In Appendix C we extend this result to the class of scattering potentials of our interest. This shows that symmetries IV and VII can also be expressed as BH = HB. A novel aspect uncovered in this paper is that whenever one of the above-mentioned four symmetries are present not only the complex eigenvalues representing the bound states come in conjugatecomplex pairs, but all the complex poles of the S-matrix have this property.
A. Superoperator formalism
The eight symmetries listed in Table I 
This definition of the superoperator action is independent of the representation we use, but its realization in coordinates or momenta in terms of the operations of complex conjugation, transposition, and inversion is different. For example, in coordinate representation, these superoperators take the following forms (see the third column in Table I ), 1H = |x x|H|y y|dxdy,
Adopting the following inner product for linear operators
These transformations preserve the inner product (transition probability) of general (density operator) states, so they represent a mild generalization of Wigner's formulation of symmetries [25] . Moreover they satisfy L † = L, where the adjoints are defined differently for linear or antilinear superoperators,
The set {1, I, T , C, CT , T I, IC, CT I} forms the elementary abelian group E8 [26] . This is a homocyclic group, namely, the direct product of isomorphic cyclic groups of order 2 with generators C, T , I. We may, similarly to Eq. (5), define primmed superoperators in momentum representation, e.g.
Only for the subgroup {1, I, CT , CT I} the superoperators have the same representation-independent form in terms of complex conjugation, transposition and inversion.
III. S-MATRIX POLE STRUCTURE
The (on shell) S(p) matrix for H is defined on the real positive momentum axis in terms of transmission and reflection amplitudes for right and left incidence,
There is a companion matrix S with hatted amplitudes corresponding to scattering by H † . See Appendix A and [3] for details. For negative p the matrix elements give the amplitudes of scattering states with a pure outgoing plane wave towards the right or the left. Moreover we assume, as it is customary, that the amplitudes may be continued analytically beyond the real axis. The existence of a continuation on a complex plane domain depends on decay properties of the potentials and may be checked in each case. The analytical continuation is indeed possible for the model potentials of the following section.
The eigenvalues of S can be calculated from the transmission and reflection amplitudes as
for j = 0, 1, and of course there is a similar expression for S j with hatted amplitudes. They are related by [3] ,
and
Combining Eqs. (12) and (13) gives
When the following relations are fulfilled,
then
Thus, from Eqs. (12) and (13), the poles and zeroes are found with the same symmetric pattern with respect to the imaginary axis as for the Hermitian case (see Fig. 1 ), the only difference being the possibility of finding pairs of symmetrical poles in the upper complex plane when H = H † . They represent normalizable "bound states with complex energies". When they are not present, the discrete spectrum becomes purely real.
One may check from Table I that Eqs. (15) and (16) are fulfilled for symmetries II (Hermiticity), VII (PTsymmetry), IV (parity pseudohermiticity), and V (timereversal invariance). For local potentials these last two symmetries coalesce with the first two well-known cases [20] , namely, IV becomes equivalent to PT-symmetry, and V becomes equivalent to Hermiticity. For non-local potentials, though, these symmetries correspond to genuinely distinct properties. In the following section we shall demonstrate this fact with potentials that are purely parity-pseudohermitian (and not PT-symmetrical), and time-reversal invariant but not Hermitian.
IV. SEPARABLE POTENTIALS
Separable potentials are quite useful models as a solvable approximation to realistic ones. Often they lead to explicit expressions for wave functions or scattering amplitudes, so they are used to test concepts and new methods. They are also instrumental in learning about different dynamical phenomena (for example transient effects, short-time and long-time behavior, or anomalous decay laws) and their relation to complex-plane singularities [27] [28] [29] [30] . Their simplest version takes the form |χ V 0 χ|. In particular, with a complex V 0 , they have been used to examine anomalous (negative) time delays caused by crossing of zeroes of the S-matrix eigenvalues or S-matrix elements across the momentum real axis [31] .
In this work we consider the simple structure V = V 0 |φ χ|, with V 0 real. The main aim is to set explicit models to demonstrate the formal results of the previous section, in particular the symmetrical configuration of poles with respect to the imaginary axis in the complex momentum plane for certain Hamiltonian symmetries. In passing we shall also note some interesting phenomena that may be studied in more detail elsewhere, such as pole collisions, crossings of the real axis, or diodic (Maxwell demon) behavior with asymmetrical transmission for right/left incidence.
From the stationary Schrödinger equation H|ψ = E|ψ , the eigenvalues may be found by solving
where Q 0 (E) = χ|(E − H 0 ) −1 |φ and H 0 = p 2 /(2m). Moreover, for a separable potential V 0 |φ χ|, the transition operator T op can be written (see Appendix B 1) as
Since all scattering amplitudes in S are simply related to matrix elements of T op in momentum representation, see Eq. (A6), solutions to Eq. (18) provide their core singularities (independent of the representation [28] ). Once Q 0 (E) is calculated, the transmission and reflection amplitudes can be found from (A6) using the momentum representation of |φ and |χ . We start with an example of a separable potential which only satisfies symmetry V (apart from the trivial symmetry I). The normalised vector |χ , is given in position and momentum representation as
We choose |φ similarly as
where a, b > 0. In coordinate representation the potential is given as
which can be seen in Fig. 2 . Clearly the potential is always even in y and in the case where a = b, is also even in x. For a = b, the potential will satisfy parity symmetry (III) and hence also PT symmetry (VII). In this case, there is no asymmetric transmission or reflection. We define first a complex momentum q = √ 2mE (for complex E) with positive imaginary part. To calculate Q 0 (q) explicitly we use a closure relation in momentum representation, and complex contour integration around the poles at ia, q and ib. The result is then analytically continued to the whole q-plane,
with which we may calculate the transmission and reflection amplitudes. The four roots of Eq. (18) are the core poles. Using m, V 0 and we define the length and momentum scales L 0 = / √ mV 0 and p 0 = √ mV 0 . In Fig. 3(a) , we can see the trajectory of the S-matrix core poles (zeros of 1 − V 0 Q 0 (q)) for varying V 0 . Notice a bound state for V 0 < 0 and collisions of the eigenvalue pairs around V 0 = 0. In Figs. 3(b) and 3(c) , where V 0 is positive and a or b are varied, there are two virtual states and one resonance/anti-resonance pair. In all cases the symmetry of the poles about the imaginary axis which corresponds to real energies or complex-conjugate pairs of energies, is evident. For larger values of the a or b parameters (not shown) the pair collides so that all poles end up as virtual states. Figure 4 depicts the associated transmission and reflection coefficients (square moduli of the amplitudes) as functions of the momentum p. |R l (p)| = |R r (p)| for all p due to symmetry V [20] . The coefficients can be greater than one (in contrast to the Hermitian case).
In Fig. 5 , the S 1 eigenvalue of the scattering matrix is shown. From Eq. (14), at p = 0 the S-matrix eigenvalues must be either ±1. Since S 2 = 1 for all values of p (See Appendix B 2), S 1 = −1 at p = 0. Also, since there is full transmission for very high kinetic energies, S j → 1 as p → ∞. Both of these limiting properties can be seen in Fig. 5 . The crossover into the regime where the kinetic energy dominates can be seen for E p ≫ V 0 , i.e. when p/p 0 ≫ √ 2.
B. Parity pseudohermitian potential
As a second example we will consider a separable potential which only fulfils symmetry IV. The normalised vector |χ in position and momentum representation is
where a > 0 and b is real. We choose |φ as
In coordinate representation the potential is
see Fig. 6 . The case b = 0 implies that the potential is real and hence satisfies time-reversal symmetry (V) with equal reflection amplitudes (as in the previous case), and also symmetry VIII. By calculating Q 0 again explicitly using complex contour integration around the poles at −q, −b − ia and b − ia, we get that
Equation (18) has five roots in this case constituting core poles of the S matrix elements. Figure 7 depicts the trajectories of these poles for varying a, b or V 0 . As for the previous potential, the poles are symmetric with respect to the imaginary axis. In Fig. 7(a) there is a single bound state for V 0 < 0 while for positive values there are a resonance/antiresonance pair and a pair of virtual states. There are collisions of eigenvalues for values of V 0 close to 0. In Fig. 7(b) two complex-conjugate (bound) eigenvalues cross the real axis and become a resonance/antiresonance pair. At the exact point where the eigenvalues are on the real axis, the scattering amplitudes diverge, however the eigenvalues of the S matrix do not, since divergences of the left and right amplitudes cancel each other. For a ≈ 4.55 p 0 a resonance/antiresonance pair collides and becomes a pair of virtual states. In Fig. 7(c) another crossing of the real axis takes place, but in this case when decreasing b. Figure 8 depicts the associated transmission and reflection coefficients as functions of the momentum p. The eigenvalues are not always equal since parity pseudohermicity does not imply any strict restriction to them [20] . For large momenta, i.e. p ≫ √ 2p 0 , the potential is transparent giving T l , T r ≈ 1. For p ≈ 1.5 p 0 the right incidence transmission has a pronounced peak. Comparing with 7(c), we notice that the values of the potential parameters and the momentum are close to the ones for which the real axis crossing takes place. Around p = 0.6 p 0 the potential acts as an asymmetric transmitter [20] . Figure 9 shows the real and imaginary part of the first eigenvalue S 1 of the scattering matrix. Since the potential is separable S 2 = 1 (see Appendix B 2). For p going to infinity there is no scattering and the scattering matrix is the identity.
V. CONCLUSION
In this paper we have studied some aspects of the scattering of a structureless particle in one dimension by generally non-local and non-Hermitian potentials. Conditions that were found for discrete Hamiltonians to imply conjugate pairs of discrete eigenenergies (pseudohermiticity with respect to a linear operator or commutativity of H with an antilinear operator [21, 22, 32] ) can in fact be extended to scattering Hamiltonians in the continuum, implying symmetry relations not just for bound- state eigenvalues but also for complex poles of the Smatrix. Specifically the poles of S matrix eigenvalues are symmetrically located with respect to the imaginary axis, also in the lower momentum plane, so that resonances and antiresonance energies are conjugate pairs as well. In terms of the eight possible Hamiltonian symmetries associated with Klein's group of A operators (unity, parity, time reversal and PT) and their commutation or pseudohermiticity with H, the symmetrical disposition of the poles applies to four of them, which includes hermiticity and PT-symmetry. Potential models and pole motions are provided for the two other non trivial symmetries: time-reversal symmetry and parity pseudohermiticity.
For future work we plan to consider more complicated systems including internal states, as well as physical realizations of the different symmetries. A detailed overview of scattering theory can be found in [33] and its extension to NH systems in [3] . Scattering theory describes the interaction of an incoming wave packet with a localized potential. In general, the spectrum of scattering Hamiltonians has both a discrete part and a continuum with real, positive energies. The eigenstates of the continuous spectrum are constructed by the action on plane waves of the Möller operators |p ± = Ω ± |p and | p ± = Ω ± |p , where
and a regularization of the limit is implied, see e.g. [3] . The Möller operators satisfy the isometry relation Ω † ± Ω ± = 1 and the interwining relations HΩ + = Ω + H 0 and H † Ω − = Ω − H 0 . By using the intertwining relations, it is easy to see that |p + and | p − are right eigenvectors of H while | p + and |p − are left eigenvectors of H, all with positive energy E p = p 2 /2m. In the following we will assume that the Hamiltonian admits a basis of biorthonormal right/left eigenstates {|ψ n , |φ a } with energies E n satisfying φ n |ψ m = δ n,m for the discrete part. The stationary scattering states are also biorthonormal, i.e. p + |q + = p − |q − = δ(p − q) and together with the eigenstates of the discrete spectrum they give the resolution of the identity
Let us note that there is no degeneracy in the discrete spectrum of one-dimensional systems, whereas the continuum is doubly degenerate, e.g. with continuum eigenfunctions incident from the right or the left. We shall explicitly make use of this property in what follows. Using the resolution of the identity in terms of discrete eigenstates and the stationary scattering states, the Hamiltonian can be expanded as 
where G 0 (E) = (E − H 0 ) −1 is the Green's operator for free motion. Solving for α now gives
S-matrix eigenvalues
The eigenvalues for the S-matrix are given by Eq. (11) in terms of the reflection and transmission amplitudes. For a separable potential, using Eq. (A6), we can simplify the transmission and reflection coefficients as
If we now define
we can write the eigenvalues as simply
Note that S 2 = 1 for all p. Clearly the following relation must also always hold for the reflection and transmission amplitudes,
Bound states
Note that a separable potential can only have at most one bound state |ψ E . In momentum representation,
where M = −2mV 0 χ|ψ E and q 2 B = 2mE < 0. Suppose there is a second bound state |ψ E ′ , with corresponding quantities M ′ and q 2 B ′ . Then,
Since M M ′ = 0 and the integral is positive the overlap cannot be zero so there cannot be two bound states.
Appendix C: Alternative formulation of A-pseudohermitian symmetries as ordinary (commuting) symmetries Symmetry relations like (2) (for A either linear or antilinear) may also be expressed as ordinary (commuting) symmetries, generalizing for scattering Hamiltonians the work in [21, 22, 32] . In other words, for a Hamiltonian H and a linear hermitian (antilinear hermitian) operator A satisfying (2) we can find an antilinear (linear) operator B that conmutes with H. In this appendix we explicitly construct the operators B from the the Hamiltonian both for A linear and antilinear in the first and second sections respectively.
Let us assume for now that besides A (linear or antilinear) there exists an invertible and hermitian antilinear operator τ that also satisfies (2) . With A and τ let us define the operator B = A −1 τ that will be antilinear (linear) for A linear (antilinear). As defined, B commutes with the Hamiltonian, because
Note that B is not generally Hermitian unless τ conmutes with A −1 . The main task to define B is to find the antilinear operator τ that satisfies (2) . This can be achieved if the eigenvectors of the Hamiltonian and its adjoint form bases of the Hilbert space that are biorthonormal. In [22] the expression of τ for a discrete spectrum (with no degeneracy) is found as
where the d subscript indicates that the Hamiltonian has a discrete spectrum. 
where C + (p) and C − (p) are complex coefficients. The operator in (C3) is clearly antilinear because of the antilinearity of the inner product with respect to its first argument. Hermicity of τ requires C − (p) = C − (−p). When τ (which should satisfy Eq. (2)) acts on a a right scattering eigenfunction, it must give a left eigenfunction with same energy. This is so because
where
. The condition that τ be invertible restricts the coefficients in Eq. (C3) further. Consider the on shell representation of τ c , p
Since τ has to be invertible, C(p) must be invertible as well. This implies
In the following sections we construct expressions for B, in section 1 for A linear, and in section 2 for A antilinear.
A linear
In [21, 22, 32] it is shown that pseudohermitian Hamiltonians, i.e. those satisfying (2) for A = η with η a hermitian and invertible linear operator, posses an energy spectrum whose complex eigenvalues come in complexconjugate pairs. Moreover the eigenspaces associated with the eigenvalues E and E * have the same degeneracy and η maps one to the other. Conversely, if the complex part of the spectrum of H contains only complexconjugate pairs, it can be shown that there exists an η for which the Hamiltonian satisfies (2). These results hold for a general class of diagonalizable Hamiltonians with a discrete spectrum. For these Hamiltonians we can identify η with
|φ n0 φ n0 | + n |φ n− φ n+ | + |φ n+ φ n− | .
(C6)
where the states |ψ n0 (|φ n0 ) correspond to the right (left) eigenstates of H with real energy E n0 . |ψ n+/n− (respectively |φ n+/n− ) correspond to the right (respectively left) eigenvectors whose eigenvalue E n+/n− has a positive/negative imaginary part. This gives η d |ψ n0 = |φ n0 , η d |ψ n+ = |φ n− and η d |ψ n− = |φ n+ . Clearly η d is compatible with pseudohermicity since it maps right eigenvectors associated with the eigenvalue E into left eigenvectors with eigenvalue E * and the pseudohermicity relation (2) is satisfied. To generalize (C6) for a scattering Hamiltonian we must add an additional term η c which acts on the subspace of scattering states and is compatible with the Hermiticity and invertibility of η = η d + η c . Since η should transform the right scattering states into left ones in the same energy shell, η c |p + should be a linear combination of both | p + and | − p + . Accordingly, we propose
check that A −1 τ is a linear symmetry of the Hamiltonian, HA −1 τ −A −1 τ H = 0. The expansion of A on the discrete and scattering basis is A|ξ = n g n ξ|φ n |φ n + dp ξ| p
with A|p + = G + (p)| p + +G − (p)|− p + and g n = ψ n |Aψ n . As examples we have found the expressions of B = A −1 τ for A T = Θ(time reversal) and A P T = ΠΘ (PT). In both cases we have A 
a. PT Symmetry
The action of B P T = A P T τ on an arbitrary state is B P T |ζ = A P T τ |ζ = A P T n ζ|φ n |φ n + dp C + (p) ζ| p
Using A P T H = H † A P T and table II we have A P T | p ± = | p ∓ . Note that The "-" right scattering states can be expressed in terms of the "+" right scattering states as
With all this the final form of B P T is B P T = n (g * n ) −1 |ψ n φ n | + dp C * + (p)|p
with C *
b. Time-Reversal Symmetry
For time-reversal symmetry, B T |ζ = A T τ |ζ = A T n ζ|φ n |φ n + dp C + (p) ζ| p
Since the time-reversal operator satisfies the relation (2) with the Hamiltonian, Table II 
